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Introduction

1.1 Likelihood



Introduction
Likelihood

‘e X H‘I XTSH 0 MUREH L(O | X) (FEHEL) T
ATSH © FEE X MBE.

MR X = {:m, cooan) BRMNESME (id) B, BITENRAEZE
By f(z | ©), Wﬁ}#uﬁiﬁ‘iﬁﬁ? p /l\iliiﬂé*‘%ﬂlﬂﬁkﬁﬁﬁa
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BigFkMahmEn, 2ok, 83 (E, &, E, E, &, R),
BLIRIEEEEER A p, LEETRICIIRREH
L(® | X)=p’(1-p).

TEHELETHALERS (E R, E, E, R, R) BFX

EE, BRIXBEEHSE 6 H#HTE X = (v1, 22,23, 24, 75, 76), BN

L(® ‘ X) = pzle I(xz:l)(l — p)Z?:l I(xizo)’

HRZUNBHBIEREBANIRE m, EE X =m, CIAREHA

L©]X)=Cfp™(1-p) .

© 2024 Ran Liu

Statistical Computing February 26, 2024



Introduction
Example

UARPHAR SN2 HRIWME, MEAEHRUE, Tt
M.
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Y1, Y25 -3 Ym (5?:13@%#5) %Eiﬁ#&ﬁ#ﬁ PO’LS()\), JHJJE)Z
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Introduction

1.2 Frequentist



Introduction
Frequentist

MRRFIREKN, SHEEER, BEEM MLE WA ERMGITSH
WRFHRURSHERTENEHFEISHE. URIHE MLE © &
ZEBRAME:

A

e = arg max L(®|X)= argmgxﬁ(@ | X),

Hep (6 | X) BITEPIREL
EEYTROEET, Hn— oo i, © REHELE.
WAl MLE By752 7 (Fisher (2)
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Introduction

Score Function

ki MLE, B33k ¢ (9|x) = 0 AIIR.
BAVERSE (' (0)lz) FRABHEYE, EXF » £ 0 BIE THISHE
A 0:

2 f(x;0)
R f(x;0)

FXEARKTF x 7 0 EETHIEMGHE, AL » AIHEIA AR
f(z;0) %8, BTRL [g f(z;0)dx = 1.

E glogf(ac;ﬁ) ]«9] X f(x;0)dx = (%/Rf(x;@)d:vzo.

00
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Introduction
Fisher Information

Fisher (ERMEX ABHRERT » KA ZE:

Z(0)=E [(;logf(xﬂ))Q 6’] = /R (gglogf(x;ﬁ))Qf(x;G)dx

MR logf(x;0) 3F 0 EFMRARME, FEE—ENENEET,
Fisher (SR AIIAE X :

70)= B [ 108 1(0:0)0].
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Introduction

2 8M 8( 1 ﬁf(xé))
o7 1o f(36) = ( ; ) _ (5 29
_aa;f(x;e)_(a%f( e>>
f(z;6) f(z;0)
_ f@8) (0 2
= e (aoos @:0)
#n

2 f(2:0)
E[aef(xg | ] 892/1":::0
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Introduction

Fisher Information (multivariate)

HEENSENRAT, ik (7(0) Rox—1 pxp KI%ERK, HPE (i,))
AN TTERME 9°1(0)/ (90,00;) 48t . Fisher {ERIERFHENH:

7(0) := E{¢(0)0(0)"} = ~E{t"(0)} = —~E{V*((6)}

HAHERHR Xy, ..., X, EE 0 WHTREMN. 1(0) HRHM A
& Fisher {58, URSIF —0'(0), EEWMA Fisher {£8.
EEMEMET, MLE 0 HEAE-hTEERR 7(0%) ', B 0* %
O WETME. EXE K0 oot 0 WRRSTHR

N, (6°,Z(6)7").
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BRi& =1, 22, ..., v RMIEZSHT N (1, 0%) RRUBIRBEE (id), A
HERRERSRKOAMIT (MLE) EMTTRAMSE (1 0):

2\ 2
{8 - Eiea- E X Zh)

V2ro 202
T n(r— )2
L(/,L,O'|$1,§C27 7xn) — (277') 20 nexp(—lléog'u))’
1, L 2
U1, 01X) = —log(2r) — nlog(o) — ==l Z K
2 202

AREXHHAITRS:

o _Ymwi—p) 00 n Y
8M_ o? bartiggt of Stajs
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Introduction

8 V0= (55 5) = (0.0), KR MLE fi5it o Fn 6

ETRK MLE 5%, E5E5ETERN Fisher FR (—V20):
o m 2 AR 23w

o~ o2 Oudo o3
8725 _ 3 (@i — p)?
do? o2 ot

KEEZ 5, BEIHIE Fisher 52
I(p,0) = B[-V?(] = l% 2(31] , I'= P 5921

W (f1,6) BIWRPRSY A N ((11,0),T71).
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Introduction

EREENE, WREIE o> HESH (MAR o), W I(y,0°) Bt
BRAR{EHEMAT:

ot _ iz (@i — 1) ot - 4 Y (@i — p)?
op o? T 0(0)? 20 204 ’
o n P~ iz — )
op? o2’ OQudo? o4 ’

% n yi(zi—p)?

(802)2 ~ 202 o6 '

BATAT LB A TR IR EER:
o 90 do®) oL

= 2

do  0(0?) do d(c?) 7
0% a3 _ air), o, 200 920
002~ 9o 9?2 T a2 (9022 " 90)?
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Introduction
Normal Mixture

BEUARHAER, TEBIHITKE.
1Fii£ le XQ) e 7Xn HE}‘AﬁE

f@]©) =cp(z|p,ot) + (1 —)p (v pn2,03),

&% © = (u1,p2,0%,03,¢), Bp(z|po®) REBEH p, FEH
HMESHDTHNZERE. BAREEA:

n
L (p1, pa,01,09,¢) = [ [ p (i | g, p2, 01,02, ¢)
=1

1 {C\/%(h o <_ (xiQ—J?l) ) K (1 - C) \/%Ug o <_ (mi 2_(752) > }

SHEKROAMIT (MLE) — RAEE — BE&ERTE

n

1
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Introduction

1.3 Bayesian



Introduction
Bayesian
NI HT IR BRIZ S E=ZREL -

o ﬁfﬁiﬂﬁ m(0): XFSHM—LERER (HIMEAAMEIR. EX
BiY).

@ PIREH L(O| X): SIFRFEITHIIEXER.
@ FHEAH (0| X): ENBRHEREFINSHHER-
RIE RIS, |G

re1x) =105 T P wre)x o)

5 0 TXMEH, HINRAF—LELH.
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Introduction

SHEE—TEHRIBRT, HEEBRME—E. 206, & #HE

(z — p)?

f(@) oc exp(—<T 1)

B85 ¢ REGEEH ¢, B f(0) = c-eap(— SA). MEAEX, B
5

1= /c-exp(—(w_'u)Q)dx

202
(z — p)?
= c/ewp(— 52 )dx
=c-V2rno

FMBANE ¢ =~ BMESHHIBESEL.
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Introduction
Conjugacy

ENMHgtR, WRERSH /(0| X) 55%KS% «(0) BTRZ,
NFER TSRS HWR AL, MTE HEAR AR LR
HAESEL .

BIZSH 0 KIERAEA 0 ~ N (a,0°), THIE X1, , X, (iid) 95
WA N, 1).

N 1 (zi—0)? 1 (0 —a)?
£(81%) o x| O)m(6) = [1_1 S5 O ( ; )] e (<95
( ng*—20%" x; 0% — 2a0>

2 2b2

E (nb? +1) 62 ;bz (nb*z + a) 9)

(6 — (nb*z + a) / (nb? + 1))
262/ (nb? + 1)
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Introduction

0 — (nb%% +a) / (nb? +1))°
£(61%) o exp <( ( 2b2/+(nz))2/+( ! +1)) >

Eitt, FRATHHO| X ~ N (n,7%), Hip

Fta/b?) L, 1

7 R

n X, HAYESS KESHHIEFEN.
LERBERANESEN, EENERRMEFNERSTASER
W A RARRMm. (TSR —MRANERSE. I b &)

NMHHFRTRSH, BEEHA MCMC ZHHER S/ THSEER.
HARBAMETUARAUEESTHER, XESHM AT, BER
S FH) mode.
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Solving Nonlinear Equations

2.1 Bisection Method



Solving Nonlinear Equations

Univariate Problem

logx , 1+1/z —logx
0.3
0.2
0.1 N
07 &
I 2 3 i 5
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Solving Nonlinear Equations

Bisection Method (Find ¢'(z) = 0)

S| WR ¢ 7 [ao,bo] EEEHFHR ¢'(a0)g' (bo) <0, BLPREEE
RIBTE (a0, bo) LEDFLE—D 2" € [ao, bo], T ¢(x) =0, Eilk
= g — 1 EHRES-

ATHRBEZN R, ZERGEHAEXBEMN (a0, bo] 48/NE [a1,b1], B4
INE| [a2ab2], iRUEZEHE, Hrp [ao,bo] ) [(Il,bﬂ D [ag,bg] o HE

& 70 = (ag + by) /2 HVEE. MEHFLARXH

[ae, 2@ if ¢ (ar) g'(2V) <0,

yor] =
[atJrl t+1] {[l'(t), bt] if gl(at)gl(w(t)) >0

#a

1
2D £ (@gs1 + bog1) -
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Solving Nonlinear Equations

ATREUE 9(v) RRUB) = E, B ¢'(z) =0 BYME, FRATATLAER
apg = 1, 1)0:5, %EI {L'(O) :30
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Solving Nonlinear Equations

Summary of Bisection Method

S ER—FBIIESE (bracketing method), HAERYE, Eilid—

RSB R ER R E— MRS

O HMR—MIERIBIBNSE: ERERS MRS XTI
B

@ MR g 7 o0, bo) LIS, Fif o REFE. RIMESEM,
AT LLBEI— MR,
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Solving Nonlinear Equations

2.2 Fixed-Point lteration



Solving Nonlinear Equations

Fixed-Point Iteration (Functional Iteration)

SERUAHZRERBE—TRY G, HEHANRS ¢'(2) =0
G(z) =z, REBFTEREAEHARE ) = G(").

G REEAREER, ERARREER G(2) =4'(2) +a:
2D = 20 4 ()

BIF: Ki# o (v) = cosz —z IR, HANZE G(x) = cosz, x9 = 0:
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Solving Nonlinear Equations

Convergence condition

ZEERSEEUR TR G % [0, 0] LR BRI
O Vz € [a,0], HANE G(2) € [a,b],
Q@ JXe[0,1), (&7
|G(21) = Gx2)| < Alwy — a2
FHMEE 21,22 € [a,b]. (Lipschitz Condition)
WIExAH
Q G(z) B—ME—HEER 2w € [a,b],
QO z,=G(Tp-1) = Too, Vg€ [a,b],

Q |7n — Tl < 25|71 — 0.
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Solving Nonlinear Equations

Proof: 1R¥EEAE (1) #0 (2), &A1AE

i1 — x| = |G(2) — Gap—1)| < Mo — 1] < -+ <A |y — @0l

Eitk Vm,n, TANH

m—1 n
| = @n| < D [Thp1 — @] < Z Xy — x| < 7171 — 2ol
k=n k=n

Eit, ZFIIR—MIEFS], MEBET (o0 RAKE, #HF (b)

Tn = Too € [a,0]e & m — 00, BAVE (¢) |20 — 2oo| < P51 — 70

EEEHRE, LiERd, &4 (1) HSHRTER.

o
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Solving Nonlinear Equations

XBETF G BEZH,

e = g a0 = Jiy Glraor) = Gl 20 ) = Glo)

Ft 700 2 G(z) =1 AEh=-
X¢$uﬁ_'ﬁv 1&1&#& Yoo 7& Loo s 1%‘?% G(yoo) = Yoo ﬁlz/l\
Yoo = Too|l = [G(Yoo) = G(Too)| < AlYoo = Too| < [Yoo — Tl

FE, RUREEE—.
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Solving Nonlinear Equations

Sufficient condition for Lipschitz Continuity

WMERIF [0, 0] HEIFTE =, #HR |G'(2)| <A< 1, WHRET
Lipschitz &44¥.

Proof: 3t FEER z,v, RIBFWEERE (G AJ#MY), FESE [v,2], £
7G)-Gly) =G"((r~y), Elk

|G(x) = Gl = |G (©llz =yl < Az —y| < o = yl.

Llpschltz ESRYRH T WM BUREE. BAMS, #E Lipschitz &
R R B B R LR Z B — SR BIR I IZSEEARFRA Lipschitz &
.
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Solving Nonlinear Equations

Scaling for non-convergence

MR G(x) =g¢'(z) +z, MERERE [0,0] EFHR |¢"(x) +1] < 1. ¥
¢" BRETE [0,b] EAMERSE, HATRTDUBTERE
G(r) = ag'(z) + = # |ag"(z) + 1] < 1 REFEMIAEKRSEHT. EHL

Tni1 = Tn + ag'(zy,).

AHRIERRRS BRI TENERER G K. fl0, ZEHREHE
9'(x) =logz +z BIIR. AE G KKRSEEMNT

(x+e")/2>e "> —logx

BTk, BAENBRYERRISFHRER . FEEFRILE.
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Solving Nonlinear Equations

2.3 Newton's Method



Solving Nonlinear Equations

Newton’'s Method (Newton—Raphson method)

R ¢ RELARE, FH " (x) #0. &F ¢t KEKRF, ZFEEL
LR RBURIFFIEM o' (2):

0= g’<g;) ~ g’(x(t)) + (l‘ _ w(t))g"(ac(t)),

ERAWES o 7 =0 Y% RAOVBEEHRIGEM ¢ BIR.
e, fRERAEEE o B UE:

g'(z")
g"(x®)

XA FIEIR T — MR T LB O FMEESD 1O By BIELME.
BRI KRG H THUERNERH A

= 2() 4 ),

= g _
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Solving Nonlinear Equations

y =g (") + (z — z)g" (")

/(@)
_ e+ _ o 9(=")
y=0—>=2 = 79”(%@))
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Solving Nonlinear Equations

Newton's Method Diverges

FWLERI S MEBUR T R A g BRCRFAIAERTER
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Solving Nonlinear Equations

Convergence in the neighborhood of z*

(IREHER WS ) FE: MR ¢ EZR ¢'(27) =0, ¢"(z") #0, B4
FE— " BB, FZWEHAMMER 20 € (27 - 6,2" +9) FarI4
WLEIER

g (@n-1)

9" (@n-1)

Tn = G('mnfl) = Tn-1 —

S sE o,

WEBA: KERA[1R G'(2*) = 0 (FE G(z) AEYZE! ) HA G'(v) BEE
B, Bk, BEN<L, HFEI>O0, WFHAB € (¥ —5,2° +6), &
1F |G'(x)] < X, Bk, ZEEHR Lipschitz ELME (FH < 1),

BARTFE, HIEMAE « € (" —6,27 +0), &M\
G(z) € [¢" — 6,2" + 6]. FTLAREBWAENE, WSIESFHRLUEERE.
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Solving Nonlinear Equations

Global Convergence

Y ¢ BAZHESET . ROSHFERFERIEME, FEERTIIN
FEEES llﬁiilh? .

OEHR: MR- PLEIHHEGR LEERRERNERATXRRZE
HER LT, MZRBRRALELY. MMEE0<t <1 HEEE

xr1,T2 € X :
ftzr 4+ (1 =t)ze) <tf (x1) + (1= 1)f (22)

— M ETENZRAHEHR R, SEXISEN_MSBEENE
Mg EAES.
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Solving Nonlinear Equations

Convergence in an interval

HMKIE [a,b] FRIEANRFFRE, ATAKRERNS—EHEGNTHRR.
Q ¢'(x) #0 % [a,0] L,
9 ¢"(z) # [a,b] A"EFS,
Q@ g'(a)g'(b) <0, #H
Q |g'(a)/g"(a)l <b—a FB |g(1)/g"(D)| < b~ a,
BLFTEB MR ENBER o WS-
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Solving Nonlinear Equations
Convergence Order

A SRR ENEERE BT H S BokEE. mR—17AER
AU E 5, WH n BRLER, #HE lim, oo |2, — 27| =0 AR

. |zn — 2|
llm 75 — O
n—o00 ’wn—l ==t g;*|/3

%FF c#0F >0 2—LEH. XNFHEE EREFIRIRS, B
=2:

=5 &R &SR (5 = 1).
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Solving Nonlinear Equations
Fisher Scoring

E#E—T, Z(0) ATRLEMA —¢7(0). [Ek, Fisher Scoring JFi%:
o+ = o) 1 ¢/ (9 Z(6M)~1

Fisher Scoring 77 A FEFF 48R EX T A ESF I SEELPRIERL E, TR WA FEHE
LSRRI AN IERRILEL
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Solving Nonlinear Equations

Multivariate Probelm

ﬁ@%{%)ﬁﬁﬂ"]ﬂﬂ&, XF4EE, BNBRER— RS RBRITRIE
L\ g/ *) -

g’(X*) o gl(X(t)) o Gl X(t))Tg//(X(t))
MEMNBEHFLN:
X0 = X0 _ g(X0) =1y (X 0)

HERKOAMITS, FITALA Z(0(t), BITE O(t) AbRJHAER Fisher
FR. REL o) LMMANER:

O+ — o® L 1(9®)~1r' ().
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Solving Nonlinear Equations

2.4 Other Related Methods



Solving Nonlinear Equations

Secant Method

RAFIRENSY, BT BARIREAR AL BRILE. RIMER
l9'(2") = ¢/ (@ )]/ (@) = 2170) Sekife 9" ()«

l‘(t) — (L'(t_l)

t+1)
= ) D) = gt )

m(

0.2

0.1+
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Solving Nonlinear Equations
Newton-Like Methods

— IR AN T E MRS T TR ESR AR
x (D) — x(®) (M(t))—lvg(x(t))
Het MY B2—/MEBLIEZHRERE Vig(XY) 8 p x p . RIMNSEH

BT RER R E, B MY = -7(0(t)), FTINEE
Fisher Scoring /Fi%k.

BE bAEE: MO = I
x ) — x @) Vg(X(t))
HERRE LAFTREITERSK:

XD — x (@) 4 a(t)Vg(X(t))
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Solving Nonlinear Equations

Ascent

M LR AUEENRME, MEEENS—F, MRS —KEN,
BiREEE LAY

MFEMEER O fasaE MO, FEE oY — 0 HK11F
g(x) — g(x®) = g(x + ) — g(x¥))
= —alg/ (xT(MD) g (x1) + o(a®))

Hep 0 = —aOMO]7IVg( X)), EZALKKETF Taylor BF
g(@® + h0)) = g(z®) + ¢'(2®)Th® + o(a®)

Eitk, R -M(t) BREER, BFEREB/NE o), ATRIEEERLEH,
MRl g(=(t + 1)) — .
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Solving Nonlinear Equations

HFIEFAERRBOEXERRYHR LAY, MAHEREX. &
ERREENERX, HWRELAEZ BURSBIEIFHORA U
RENHITEE.
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Solving Nonlinear Equations

2.5 Optimization in Deep Learning



Solving Nonlinear Equations

Optimization in Deep Learning

BANLE S ML R R R

HA (i(z) BIGKREE, MARIEBAREREL
@ GD (Gradient Descent): x; = 241 — aVg(xi—1)
@ SGD (Stochastic Gradient Descent): zy = x¢—1 — aV{y, (z4—1)
© BGD (Batch Gradient Descent): z; = x4 — 18] 2ies, VEi(®i-1)

BNEEFERAMERETPEE (batch gradient descent).
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Solving Nonlinear Equations

Epoch vs lteration

HEHEMBEARFR:
O one epoch = BT —REEEBF— R R EEHE, $HXIPAERIIZ
=i N
@ batch size = E—XATEMER/ REAEEBEPOIIGHESYGE. #HEX
INEKR, TERNES B .

© number of iterations = FTHIIBEL, F/OBEER [HLE K/ M
. AR, —RBEH = —XEIEEE + — X REEE (B
AERT B FN R B EIB R AN AR B .

Bign: IRARH 1000 MIZHEZA, batch size 75 500, AATHE—

epoch EEEE 2 )X iterations,
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Solving Nonlinear Equations

Momentum

SGDM (Stochastic Gradient Descent with Momentum) ZIJEHEEET
B2 (SGD) B9 B, ESINGhEFRMEBWSFHBRNETS -

g =Y Vli(xi_1)

1E€EB:

vp=Bui_1+ gy, Tt =341 — Qug
BRI SN Bh 1Y
v = gt + Bgr—1 + B2g—2 + B2gi—3 + ...

S & FBrI{EA: (0.5, 0.9, 0.95, 0.99].
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Solving Nonlinear Equations

AdaGrad

AdaGrad B—HHENFIRMELEE, EREHFEHEREENSH
RIS E ., HMRAEL.

a

\/87-1-6'

St =81+ Gt Gty Tt =Tp1 — V.

Hep - RTBITEERE.
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Solving Nonlinear Equations

RMSProp ((Root Mean Square Propagation))

RMSProp 2—#HIENFIRMRKEE, BESINZERETFRHER
AdaGrad f—LE SR 1.

(07

N

sp =781+ (1 —=7)ge-gs, Ty =x4-1 — * Gt
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Solving Nonlinear Equations

Adam (Adaptive Moment Estimation)

Adam B—MBEENFIEMAEE, 8T Momentum F1 RMSProp

v = Prve—1 + (1= B1)ge, st = Pasi—1+ (1 — B2)g: - 9

wIHMEE 5 =09, 52 =099, HFY t FRE, IEHIMFIALE
F 1, EHEMNFITREEIE:

A (%3 x5 St

Ut_l_ §7 Stzl—ﬂé
RAEHARNRE

EiEE, Adam A8 AdaGrad,
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Solving Nonlinear Equations

References

@ 7.8 Adam Algorithm (Dive into DL PyTorch)

@ Gentle Introduction to the Adam Optimization Algorithm for Deep
Learning (Blog)

@ Adam Method (Papers with Code)
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https://tangshusen.me/Dive-into-DL-PyTorch/#/chapter07_optimization/7.8_adam
https://machinelearningmastery.com/adam-optimization-algorithm-for-deep-learning/
https://machinelearningmastery.com/adam-optimization-algorithm-for-deep-learning/
https://paperswithcode.com/method/adam
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